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NOMENCLATURE 

A, dimensionless argument ; 
4 thermal diffusivity ; 

2 
specific heat ; 
density ; 

LE: 
error in time integral; 
thickness ; 

P. transfoRncd time; 
4. parameter in transformed equation ; 
6 time ; 
TI, time integral; 
u, transformed temperature; 
X, distance. 

Greek symbols 

2 
root of transcendantal equation ; 
dimensioaless ratio of conductances, &Ll/&L1; 

8, temperature; 
k thermal conductivity ; 
a, flux; 
A dimensionless ratio of heat capacity per unit area, 

dsCzLs/dtC&, i 
6. dimensionless ratio [A2d2C2/l,dlC,]f; 

Subscripts 
n, root index ; 
& ditrerentiation with respect to distance; 
t, differentiation with respect to time; 
1.2 layer number. 

1. INTRODUCTION 

THE T- ditTusivity of ceramic and organic insulating 
materials is most readily obtained from transknt linear heat 
llow through an infinite slab. The r&ve ease of fabricating 
the sampk in the form of a slab makes this emetry 

attractive. Plummer, Campbell and Comstock [l] developed 
a method based on a constant llux into a thick slab of 
material which was treated as a semi-inBnite solid. This 
method was further reBned by Harmathy [2] who also 
developed a pi&e heating scheme. Stare [3] used the 
constant flux method with samples of plastic assembled from 
multilayers of thin fii. In ail cases the finite samples were 
considered to be inBnitely thick during the time when 
measurements were. taken. Also, in each case the heat 
capacityoftbebeotawasshowntobeasmollfractioaof 
the heat capacity of the sample and was therefore not 
included in the analysis 

WhentheconstantfIuxinputmethodisusedwithalow 
density, low specific htat and low conductivity insulator such 
as foamed polyumthane, difhculties arise. The conductivities 
of many solid and foamed insulators are approximately 
proportional to their densities; hence, their difhisivities are 
similar. But the heat capacity per unit volume of the sample 
can vary widely since it depends upon density and specillc 
heat. Thus, for low demtity organic insulators the heat 
capacity of the heater may represent an appreciable fraction 
of the heat capacity of the sampk. Iasuch cases it is necmmry 
to treat the heater as a separate layer with its own thermal 
properties and to determine the diffusivity of the sample from 
an analysis of a double layer infinite slab model. 

2. THEORY 

The temperature distribution, e(x, t), within an infinite 
slab of thickness, L, is given by the solution of the oae 
dimensional equation of linear heat flow with specified 
boundary conditions. 

a6&, t) = f$(x, t) for 0 < x < L. (1) 
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The distance x is measured from the iuput face and the 
them& ditTusivity, c, which is defined as @dC with 1 being 
the thermal conductivity, d, the density, and C, the specific 
heat; is assumed to be independent of position, time, and 
temperature. The subscripts denote differentiation with 
respect to a particular variable. 

The boundary condition at the input face, x = 0, will be 
an input flux, @ = -LO, which experiences a step function 
change at time xero. The temperature of the output face will 
be held constant. The temperature of the slab wi!l be 
uniform and equal to the output face temperature at time 
xero. T&se boundary conditions can be written as 

W, f) = -&(O,f) = 0,r < 0 (2) 
@(o* t) = - A@*(O, t) = 9*, t > 0 

B(L,t)=o,fao (3) 

@x, t) = 0, r 4 0. (4) 

The solution for the homogeneous single layer has been 
given by Carslaw and Jaeger [4] as 

graphite coated asbestos, and Fe-Ni evaporated on plastic 
have been used as heaters. If the heat capacity of the heater 
is an appreciable fraction of the heat capacity of the sampIe, 
it is necessary to use a double Iayer infinite sIab for a xfodel. 

For an infinite slab composed of two layers, each of 
uniform thickness, an additional pair of boundary coudi- 
tions are required ; namely, the Ihtx and temperature must be 
continuous at the interface. If the numerical subscripts refer 
to the sequence of layers from the from face, the boundary 
conditions may now be expressed as 

W,, t) = WI. t) (8) 

I,B,&,, t) = &8&,. t) (9) 

e,E(L,+L*Xfl==o,t~O (10) 

B,(x, t) = 0, t c 4 0 < x < t, 
(11) 

B&x, t) = 0, t Q 0, L, < x < (L, + Lr). 

This boundary value problem can be solved by the use of 
the theory of Laplace transforms which converts the partial 

B(& t) = J!k!!$2 _ !!g c exp [- (2n + 1)2nZat/4L7 co6 (2n + 1) xxj2L 

(2n + 1)2 
(5) 

0 

At the input face, x = 0, and for huge values of tune the differential equation in e(x,r) to the ordinary difkrential 
~~~~~~ato~~to~ve equation in U(x, pf by the use of the retation 

(6) 
Wp) = j=W-pr) W)dr. 

0 

The value of o can be determined from equation (6) or by 
the use of the time integral which is defined as 

The transformed equations and boundary conditions 
become 

Tl(x) = 7 { 1 - 0(x, r)/@(x, 03)) dt. 
0 

(7) ~,x.&P) - dU,kP) = 4 O<xtL (la) 
2 

For the input face TI(0) = L?&a, at the center of the slab, 
TZ(L/2) = 1,375 (Lr/3a), and at the output face W(L) = 1.5 
@/3a). 

When the heat source for the it&mite slab is in physical 
contact with the slob and has heat capaciry its&, the condi- 
tions used in deriving eq. (5) air not exactIy h&Red as it 
~~~~~t~~t~~~~rnaso~~ 
with no heat ca@ty. Wbcncver an &ctricaIly umrgimd 
heat source is used, the power is dissipated in a conducting 
ekmem which may require a substratum for support. Thin 
sheets of chrome1 [l]. constatmm 12, 31, paRadium [2]. 

U*x&, ,I - q,U,(x, P) = 0. L, < x <(L, + L,) (lb) 

v,X(O(a, PI = -@o/.&P Gw 

U,(LP) = U,G,,P) @a) 

AUlfLP) = WdL* PI (94 

u2 I& + t2XPl = l-l (W 

wh= 4: = pIal ad 4: = ph. 
Applying the boundary conditions to the general soiution 

or the transformed equation gives 

9.3 
Ul(5 PI = - 

0 su 41& WA [ 

- x) cash q2L, + cash gl(L, - x) sinh q2Z., 

cash qlL, cash q2L2 + sinh q,L, sinb q2L2 1 ,O<x<L, 
Qio 

u2is PI = - 
WA 

u sinh q, [(L, + L,) - x] 1 -hq,L, + *q&z *q2t2 

,L,<x<fL+L,) (12) 
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where u = q,lJq,l, = [I,d,C,/l,d,C,]* 

The solution is given by the inverse transform of equation 
(12) which may be written as 

BIx, t) = Z [residues of exp @t) W, p)l P. ,. (13) 

whatthesumaution~talrmovctplloTtheainoulprpoiats 
p,ofU(x,p).TheaewiRbcatp = Oandthcxcrosofthatcrm 
in brackets of tba dseominator of equation (12). This term 
canbexeroonlyiftheargumanu3aruimag&ry,thcrcfore 

q = tan a& tan a& (14) 

whenq=ia,anditisnownemsaarytofindthenrootsof 
this transcendental equation. Since e is always positive. a 
root can appear for only those values of a,L, and a2L2 for 
equation (14) as 

u = I,L,A,/&L,A; = tan Al tan A, 

rootrwilloccurattheintencctionsoflinesofconstMta 
and tba line with slope of l,L&lL.l. using these value8 of 
er, and evaluating the residues of the singularities, the 
temperature in layer one is obtained as 

A grid of 3.2 mm strips was formed by prcfarcntial etching 
of the Fe-Ni coating 

The high heat capacity sampka consisting of 0305 meter 
squarawitha~~ofDOlMmwsrccutfromacon_ 
tinuous strip of gum rubber. The low beat capacity samples 
consisted of @305 m square of 00506 m thick foamed 
polyumtha~. A diffcrantial &rmopilc of two junctions of 
numbcr3Ocopparcotumntanwiruwcrausodtomcasure 
the tampcraturc. To mausura tunpamtuma at interior points 
in built-up layar samploa, tbo number of coupks was in- 
creased so that the tbcrmopiie outputs wure aR about equal. 
Temperatures were recorded with a 12 point recorder at 
6 s intervals, 

The recorded tcmperaturee at the front face of the sample 
were used to produce a graph of In (0, - @t)}/{e, - e,} 
vs. time from which D could be dctcnn&d from the slope. 
The time integrals were alao dWrmit& from the recorder 
record by the use of numeriuu integration. 

The heat sinks were fabricati from surface ground slabs 
of~4maluminump~~Padwae06imsquon.A 
labyrinth of 090954 m aluminum with 09318 meter clwmels 
was bolted to the mar of the heat sink. Thcrmostated, 

4(x, t) = 8, 
[ 

(L, - x) L, 
--j-- + T- 

I 4 J 

_ 2 m EL222 sina&, 20 

.c 

- x) cos abL2 + a,& co8 alAL, - x) sin a,,LJ exp (-o,a&& 

*I ad 
,o < x < L, 

1 

and in layer two as 

co 

e2cG f) = 
@, [JL + L, - xl 

- 2@, 
c 

sina,AL, + L2 - x)exp(-a,a:J) 

A2 D 
,L1 <x<(L, + L.,) 

1 

where D = [(almaAL, + a,&2b,L2) sin alLI cos a2J-2 + ~~&AL~ + ai,AL2) cos alAL, sin ad&l. 

(154 

Wb) 

3. R?PERWRNTAL 

The experimental arrangement as shown in Fig. 1 con- 
sisted of a central heater, a pair of idcnticaf samples and a 
pair of constant temperature hoat sinks. A high heat capacity 
heater was fabriated from an asbmtos bating paper [5] 
consi6tiug of a graphite conducting layer betwean two 
identical covering sheets of asbestos. The uniformity of the 
power generation per unit area was suBcient to produce 
temperature differences of less than 3 per cent under steady 
state conditions when measurad at a doom points on a 
square foot sample. Power was supplied to the beater from 
a regulated a.c. supply. 

A low heat capacity heater was fabricated from a sheet of 
O-025 mm polyimide plastic [6] upon which a coating of 
O-008 mm iron nickel ahoy had been vacuum deposited [7]. 

refkigerated water was circulated through the labyrinth in 
each sink. The sinks and samples were enclosed with 0153 m 
of foamed polyuruthane and placed witbin an angle iron 
frame and at a pressure of 300 newtons/m2 applied by 
means of screw and torque wrench. To shield it from air 
currents the whok assembly was cndosed within a shroud. 
The mean sample temperature was 10*5”C. 

4. RR!XJLTS 

Graphical analysis of @O, t) for a sample of gum rubber 
heated by moans of a graphite-asbestos heater confonncd 
to the expected exponential approach to equilibrium prc- 
dieted by equation (5). A slight discrepancy was noted 
between the observed intarcapt of W91 f Ml3 and the 
expected value of S/n3 = Og105. Changing to the smaller 
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Sample 

I Substratum I 

conductor 

Substratum 

Sink,@*0 

) Heater 

FIG. 1. Experiment configuration for double layer iufinitc 
slab. 

heat capacity heater of Fe-Ni on plastic increased the 
intcrceptto0811cO~andd#aeastdthetimein~ 
from @1320 to 01237 b. The diflitsiity derived from the 
doperamairK!dessentiallythe~mthctwocams.The 
reduction in the time integral indicatea that less total ancrgy 
was needed to reach equilibrium as the heat capacity of the 
heater was reduced. The time integral was also determined 
8t dist8uces of 4, f, and 3 of the total sampk thickness by the 
use of a sample assembled from layers of thickness fL 

The grapbit+asbestos heater was used with a sampk of 
foamed polyumthane, a light weight insulating material 
hpvingathermatco~ductivityof(W116to~22Wm-’deg-’ 
[8] and a density of 25 to 32 kg/m’ [Q Graphical analysis 
of this case as shown in Fig. 2 indicated an intercept of 
@866 + OGO4 and a diffusivity of S-54 x 10-r m2/s. Upon 
changing to the Fe-Ni plaatic beater, the intercept dropped 
to O-817 & ooO3 and the diffusivity incmased to 682 x 
lo-’ m2/s. The time integral was red& from 0487 to 
@348 h indicating the proportionally higher ratio of the heat 
capacity of the lmatcr to the sample. 

To account for the heat capacity of the heater, it is 
nccemary to consider the experiment as a double layer 
infmite slab. The gux is assumed to be generated in a plane 
8t x = 0 by Joule heating of an ckctrical conducting coating 
having no thickness. The substratum supporting this coating 
was therefore assumed to be the first layer and to have a 
thickness of + of the total thickness of the &SbMOS-@8phite- 

asbestos beater element The sample is then assumed to be the 
second layer. The tcmpcratum and, hence, the time integral 
was measured at the interface between the asbestos and the 
sample at x = L,. 

In order to use equation (15) to find the value of a2, it is 
necessary to know the value of a,, the diffisivity of the 

.a 

-t - 

.6 - 

4 - 

.3 - 

.2 - 

IS, 
0 

Foamed polyurethane 

Graphite asbestos heater 

I t 

IO00 2ooo 

Time, s 

FIG. 2. Fractional temperature changes at input face of a 
foamed urethane sample. 

heater substratum. This was done by preparing a sampk 
assembled from 8 stack of heater elements, Ihcnby, making 
the properties of layers 1 and 2 identical. The tamparaturm 
and time integrals were measured between tire first four 
layers. Equation (15) was simplified by setting or = us = II 
an~then,thiswacussdtoo~awiththeapprop~~ 
kngtbs used for each cam. This was aazomphshed by using 
a computer program to compare the observed time integral 
with cakuiated time integrals for three different values for a, 
parabolic interpolation to find a new value for u and a new 
time integral, then using the three closest 0’4 interpolated 
to find another new a and then repeating until the fractional 
cbaogeinawaslessthanlO~*.~usuaUyrcquind4or5 
interpolations. A value of 6.89 f O-24 x 10-s ml/s was 
found for the diffusivity of the graphi~bestos heater. The 
tbcrmal conductivity of the sampks and beater were dctcr- 
mined from separate steady state apcrimcms using a heat 
flow meter. 

After dctcrmining the ncccrmuy thermal properties of the 
heater, the foamed polyumthane graphite-asbestos beater 
case was rc+xammcd as a two layer case. By usiug the 
~~~11~ determined time integral of O-487 h and the 
computer program for evaluating equation (IS), a difmsivity 
of 740 x lo- m2/s was obtained. This result is somewhat 
larger than the values obtained by the use of the equation 
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Table 1. Thermal di@ivities determined by a stepjimction change influx units of maIs x lo* 

Sampk 

Gum Rubber 

Polyumthane 

Heater 

Graphite-Asbestos 
Fe-Ni, Polyimide 

Graphite-Asbestos 
Fe-Ni, Polyimide 

Single layer analysis Double layer analysis 

Graphical method Time integral method Eq.(5) Eq. (15a) Eq. (15b) 
Eq. (6) x=0 Ave. from 4TJ x - L, Ave. from 4TI 

7.33 731 771 k @32 762 80 f 0.32 
7.92 7.81 8.29 + 0.43 7.85 8.33 + Q33 

55.4 48.7 509 *220 74+ 71.4 + 2.7 
68.2 68.0 67.7 + 1.4 73.6 72.4 &- 2.8 

a = L?/3(Tr). The small di%rencc indicatea that some error with a masskss heater measured at its input face and would 
could still be present when using the Fe-Ni plastic heater. be given by TZ, (Sample) = L;/3a. 
Through use of this value for the diffusivity of foamed poly- A method has been developed for measuring the thermal 
urethane, a value of 1003 J kg-i&g- 1 is obtained for the difIirsivity of low density foamtd insnhuing materials. The 
spccificheat;thisisinfair agmemcntwfthareportedrange heat capacity of the source of the input flux was included in 
of 840-1045 J kg-i deg-i [9]. the analysis by using a double layer infinite slab model. 

5. CONCLUf5ION 

From examina tion of the results obtained by graphical 
and time integral analysis of the transient heat llow in a low 
heat capacity sample, it has been shown that large errors are 
introduced when the heat capacity of the heater is ignored. 
whcndiscuasin g this type of error, it was found more con- 
venient to use the extensive variables of conductam~, A/L, 
andheatapacity~nnitatsqdCL,ratherthnnthein- 
tensive variables of conductivity, L, and diffiivity, a. The 
conductance ratio, C, will be defined as I,L,/A,L, and the 
ratioof~heatcapaciti~~~t~~,~d2C2~~d~C~~,. 
From paromaric atudicr of equation (15). it can be shown 
that at constant conductance ratios, C, the heat capacity 
ratio p, is given by p = m[Tl,,l,/d,C,Lf] + band where m 
aadbanfunctionsofCandTJ,isthetimeintelprlPatoeurrd 
atx=O.Astheconductoncerstio~~~~,tbe 
slope approa&as 34 and the intcrcapt approaches - 3. For 
C less than O-01 the heat capacity ratio approaches 
C[Tl(O)&/d,C,L:] - 3. This can be teduced to E = 3/p 
whcrcEisthccrrorinthetiuteinmgralduetothcpresencc 
ofthe heater, i.e., [?‘I,, Water + Sample) - TJ, (Sampk)]/ 
TX, (guitple) 7’1, (Sampk) is the time integral of the sample 
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